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Elliptic Ginibre Ensemble



[.i.d Matrices

Definition (Girko Matrix)

An = (a,-}j, 1 < l,_j < n) ii.d
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[.i.d Matrices

Definition (Girko Matrix)

An = (a,-}j, 1 < l,_j < n) ii.d

Definition (Ginibre Ensemble)

1
A, ~ dP,(A) = — P (= Tr[AA™])dA.

ajj~Nc(0,1) i.i.d = A, ~ Ginibre.

2/36



Hermitian Matrices

Definition (Wigner matrix)

A,, = (a,-’j, 1 < I',_j < n), (3,"_]', I <_j) Ild, ajj = aji-
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Hermitian Matrices

Definition (Wigner matrix)

A,, = (a,-’j, 1 < I',_j < I’])7 (3,"_]', I <_j) Ild, ajj = aji-

Definition (Gaussian Unitary Ensemble)

A, ~ dP[A] = i ~exp (—Tr[AZ])dA on H,.

.~ Ng(0,1), 85 ~ N(0,1) = A, ~ GUE.

I<J

3/36



Elliptic Matrices

The Elliptic Ginibre Ensemble at t € [0, 1]

1 1 ;
Ane ~ dByf(A) = 5 exp (—l_tzTr [A*A — (A + (A*)Z)D dA.

AD. AP indep. GUE —> A = 1/¥A9’+i,/¥A(ﬁ ~ EGE,

mt=0: A,o~ Ginibre.
mt=1 A,1 ~ GUE.
mtc [O, 1]: An,t ~ EGE;, (a;d-, i <_/) i.i.d, E[alygazyl] =t.
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Eigenvalue measure

Definition (Eigenvalue measure)

1n(A) = Z Oxi(A)-

Convergence of random measures

m (Classical convergence) pu, = pif Vf € Cp: [ fdu, — [ fdp.
m iy —> ,uifoECb:ffdun?ffd,u.

m o, = pifas, Vi eCp: [fdu, — [ fdp.
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Eigenvalue measure convergence

t = 0: Ginibre C Girko
E[la1,1]%] = 1

_ 1
An) 7 M= xliz<adz

Eo = {z:|z] <1}.

t € (0,1): Elliptic
E[ay,2a2,1] =t

1 . 1
“(WA">*) 7 M T e tend?

E:r = {z: (%)2 + (%)2 < 1}

t = 1: GUE C Wigner
Ef|a1,2]%] =1

1 — 1 2
An) ﬁ B=3-V4—x 1M<2dx

Ey =[—2,2]
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Characteristic polynomial
asymptotics



Girko Matrices

Definition (reciprocal characteristic polynomial)

A, ~ Girko, g, € H(D):

D>z gu(z) = det (1 ?;%") = 2", (i)
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Definition (reciprocal characteristic polynomial)

A, ~ Girko, g, € H(D):

]D)Bz»—>q,,(z)—det(1

Theorem [BCG22]
anfME%(D):ZH\/TE[%l]eXP{ Zsz }7
k>1

with {Xi}x>1 independent complex centered Gaussians:

E[X?] = E[a3]* and E|X,|? = 1.
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Figure 1: Phase portrait of g, for A, ~ Ginibre, n = 500.

- 7




Reciprocal characteristic polynomial

157

ui ///[/M(\\\\\

Figure 1: Phase portrait of g, for A, ~ Ginibre, n = 500.

Corollary (Convergence of the spectral radius)

1
B = max{ﬁ|)\;|,1 <i< n} 1
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Main Result



Normalized characteristic polynomial

Normalized characteristic polynomial

A’77t ~ EGEt, fn,t E H(]D))

1 1 ntz?
foe: D "det | - +tz— —=A, ==
ot >z z ae <Z+ V4 Wi 7t)exp< 5 >

Intuition : gt : z — % + tz maps D to C\ &;.
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Mapping circles to ellipses

T T T T T T T
=3 -2 -1 0 1 2 3 10/36



Convergence

Vt € [0,1]: for = fr € H(D) : 2 me(2) exp ZX“)Z ,
k>1 \/>

{X' }k>1|ndependentGau5$ans

2
E(X{) =, EXPP=1,
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[llustration of the Theorem

Figure 3: Phase portrait of f, ; for n =250 and t = 0 (top left), 0.3 (top
right), 0.6 (bottom left) and 1 (bottom right).
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Proof outline

fa(z) = Zg,((")zk, ¢ random.

k>0

(a) {fn},,z;[ tight.
(b) Vm>0: (&7, ... &My = (60, &m)-

k
— f,—>f:z— z".
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Tightness



Proof of Tightness

Lemma (Uniform control)

(an,t”K)nZl tight — {fnyt}ﬂzl tight.
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Proof of Tightness

Lemma (Uniform control)

(an,t”K)nZl tight — {fnyt}ﬂzl tight.

Bounded second moment — tightness.
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Proof of Tightness

Lemma (Uniform control)

(an,t”K)nZl tight — {fnyt}ﬂzl tight.

Bounded second moment — tightness.

<sup ]E[|f,,,t(z)2]> bounded <= (E[\|fn,t‘|%<]),,>1 bounded
zeK n>1 |£(z)|? subhar =

Y
(I[fn,ell i )n>1 tight
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Expression of E|f, ;(z)|? via orthogonal polynomials

1
An,t ~ 7 eXp(_Vt(A)) dA,
n,t
1 2 bt o o\ R(z)?  S(z)?
Vt(Z)—il_t2<|Z‘ E(z +z))—71+t+71_t.

Orthogonal polynomials for V;: Hermite polynomials

/(CH,, <\2> Hun (\2) Vi(z)dz = n! <1)n5n:m.
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Hermite expression

Lemma (Hermite expression)
Vz e D\ {0}:

2

n tk
le

E [lf(2)f] = |22 35

k=0

—ntz® |

Hi (ﬁ(z‘l - tz))
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Hermite expression

Lemma (Hermite expression)
Vz e D\ {0}:

%
le

n

E [lf(2)f] = |22 35

—ntz® |

Hi (ﬁ(z‘l - tz))

Lemma (Second moment convergence, using [ADM23])

E [|foe]?] = F: : D\ {0} — (0, 00).
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Hermite expression

Lemma (Hermite expression)
Vz e D\ {0}:

2

|e—nt22|.

21 _yon ! th
E[|fe(2)] = 12" 3

Hi (ﬁ(z‘l - tz))

Lemma (Second moment convergence, using [ADM23])

E [|foe]?] = F: : D\ {0} — (0, 00).

E[an,tH%,] < C, = tightness.
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Limit function



Coefficients convergence

An t
fnt(z) = det <1 + t2% — ) exp (nt> Zﬁ
vn k>0

vr]‘lzo(f7 ...,Emt) (gota ~~7£m,t)'
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Coefficients convergence

Modified Chebyshev polynomials

P =xPO — P P =2 P =X

verify:

k 1
POW)E =log ([—————— ).
Z bs (W)k 8 1— wz+ tz?

k>1
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Coefficients convergence

Modified Chebyshev polynomials

P =xPO — P P =2 P =X

verify:

k 1
POW)E =log ([—————— ).
Z bs (W)k 8 1— wz+ tz?

k>1
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Trace convergence

(1) (Ane : :
(Tr |:'Dk (ﬁ)] + "f5k_2> . — Gaussian family.
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Trace convergence

(1) (Ane : :
(Tr |:'Dk (ﬁ)] + "f5k_2> - — Gaussian family.

Expectation convergence

An
Vk>1,t€[0,1]:E [Tr {Pﬁt) < ﬁ)” + ez — ek
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Gaussian fluctuations

A=l ()] == [ 7 ()]

Convergence to Gaussian family <= Pairing.

Isserlis-Wick theorem

{Z}« Gaussian <= Yi1,...,in, S1,...,Sn:

Bz ...z = Y ] Eizz

wE€P2(n) (k,I)ET
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Monomials

Lemma (Monomial fluctuations)

(n—k/2 (Tr[Aﬁ,t] — IE[Tr[AﬁA])) . — Gaussian family.

k>
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Trace expansion

k
Tr[A ] = E , Qiy,inip,iz -+ + Aig_1,ix Ak, i — § : ).

i=(i1 i) :[k]—=[n]
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Trace expansion

k
Tr[A ] = E , Aiy,iz in,iz - - - Dig_1,ix A,y = E : Q-

i=(i1 i) :[k]—=[n]
Fixm>1, ki,....,km >1and s1,...,sm € {0,1}.

m ki
M) =E Hn 2 (Tr(AK) — E[Tr(A%)])&)
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Graph representation

Y : k] = [n] = G = (V}, )
Vi = Im(y;), Ej ={((1),¢;(1+1)),1 <1< kj}
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Graph representation

Vit [k] = [n] = G = (V}, )
Vi = Im(y;), B = {(¢;(1),9(1 +1)),1 <1 < kj}
Ex: k1 =9, ko =5, ¢y = [1,5,3,5,2,4,2,6,2], 1 = [2,8,6,8,1].

TN
L=

Figure 4. Graph associated to 1 (black) and v, (red).
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Grouping graphs

ker 1)

[kl = [n] = kerp € P(k) i u ~" v <= Y(u) = (v).
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Grouping graphs

¢ : k] = [n] = keryp € P(k) :u

Lemma (group by partition)

ker iy = kerpy — E [ﬁ ay, — ]E[aw] 51)] —E [H(a% _E[a%])(sj)] '

Jj=1 j=1
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Grouping graphs

Y [k] = [n] = keryp € P(k) : u

Lemma (group by partition)

ker iy = kerp, =— E [H ay, — ]E[aw] sf)] =E [H(a% —E[awj])(sf)

Jj=1

L

Jj=1

Mﬁ:’t) —n 5 Z cﬁ")(ﬁ)ak7t(7r),
TeP(k)
ak,t(w) = E |17 (ay, — Elay,]))® } for ker by =
() = #{ : [k] = [n]| kerp =7} = n(n—1)...(n—#m +1).
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Bar graph

Definition (Bar graph)

= @(G)=|V|-|E|

u\f
U= >

Figure 5: The map G = G. Here q1(G) = 2, q2(G) = —2.

/\

25/36



Asymptotic expansion

/\/If’ Z Ny (x nzakt()

weP (k)

T ) — Gy = UiciTi, (gi1,9i2) = (q1(T), g2(T7)).
e

26/36



Asymptotic expansion

T — Y — Gy = UjeiTi, (gi1,gi2) = (q1(T), g2(T))-

ker™

|EG|

#r— - =|Vg| - Z(q:',l + gi2) =: q(m).

i€l
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Asymptotic expansion

T — Y — Gy = UjeiTi, (gi1,gi2) = (q1(T), g2(T))-

ker™

|EG|

#r— - =|Vg| - Z(q:',l + gi2) =: q(m).

iel

Which graphs are g-positive ?
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g-positive graphs.

q1 =0
Double Unicyclic g2 =0
q=—1

2-4 Tree gz =

;; ii q1 =0
Double tree g2 =1
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Conditions for non-zero contributions

m

n _k . _k
l\//lit):n 2 Z E H(awj_E[azbj])(J) = Z Ny (myN 2ay ¢().

Vit =1 neP(k)

No simple edge in ;.

qi1 <0, gip <1(=iff G tree).

|BVYij G+l

gi1+gi2<0.

gi1+qi2 =0 <= [s are DU or 2-4 trees.
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Conditions for non-zero contributions

m

n _k s: _k
l\//lit):n 2 Z E H(awj*E[azbj])(’) = Z Ny (myN 2ay ¢().

1, tbm Jj=1 TeP (k)

No simple edge in T';.

qi1 <0, gip <1(=iff G tree).

Vi G £T.

gi1+qi2 <0.

gi1+qi2 =0 <= [s are DU or 2-4 trees.

Proposition (Asymptotic contributions)

M = 3 age(m) +o(1)

weEDU&FT
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Graph pairing

m Double unicyclic = pairing two unicyclic graphs.

m 2-4 trees = pairing two doubles trees.

i
(O - % i .'é : -
Vg O é OO
K i)‘ ST >Q

Figure 6: Blue and red (resp.) blue and green are paired.
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Graph pairing

m Double unicyclic = pairing two unicyclic graphs.

m 2-4 trees = pairing two doubles trees.

¥
Q- . 20 . T fiz ~
Vg Os é OO
) (‘24 .................................. ?’(’)‘
4
@ O

Figure 6: Blue and red (resp.) blue and green are paired.

(n_k/z (Tr[Aﬁ,t] - E[Tr[Aﬁ’t]]>>k>0 — (Zk,t) >0 Gaussian.
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Example computation of a,(1,2) for DU°PP

Figure 7: Double (opposite) unicyclic component.
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Example computation of a,(1,2) for DU°PP

Figure 7: Double (opposite) unicyclic component.

m / single edges in G, Gy, = Elay,] = E[ay,] = 0.
kq+ko k1 +ko
2

| at(1,2) = (E[E)Lzazl]) 2 =t
Parallel: E[aiz] = 0.
ma(l,2)#0 = [ =1.

kq+k
m a(1,2) =E[a2,]t 7 L=t

k1+ko
2
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Counting partitions

Lemma (From [MMP21, Lemma 39], [Min19], [MST09])

Card(Py(ki, ko)) = nc) (ky, ko).
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Counting partitions

Lemma (From [MMP21, Lemma 39], [Min19], [MST09])

Card(Py(ki, ko)) = nc) (ky, ko).

Proposition (Diagonal covariance for Chebyshev polynomials)

PP, P = kt*Siy.
oD (PY POy = k5.

31/36



Relation with known results

t=1:
m A, ~ GUE, P,El) = Py usual Chebyshev.
m oW (Xk, Xke) = oM (xR Xk2) = ne(ky, ky).
m o O(PY POy = ks,
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Relation with known results

t=1
m A, ~ GUE, P,El) = Py usual Chebyshev.
m oW (Xk, Xke) = oM (xR Xk2) = ne(ky, ky).
m oW(PD PYY = k5.
t=0:
m A, ~ Ginibre, P = Xk,
= pOPO, PO) =0, o (PO, P) = ke,
m {Zi0,k >0} indep, E[Z7,] =0, E[|Z0/’] = k.
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Relation with known results

t=1
m A, ~ GUE, P,El) = Py usual Chebyshev.
m oW (Xk, Xke) = oM (xR Xk2) = ne(ky, ky).
m oW(PD PYY = k5.
t=0:
m A, ~ Ginibre, P = Xk,
= pOPO, PO) =0, o (PO, P) = ke,
m {Zi0,k >0} indep, E[Z7,] =0, E[|Z0/’] = k.

{P,(f)}kzl = interpolation of diagonalising families.
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Conclusion

Let t € [0,1]. As n — oo,

ﬂ,t;vﬂ:sz exp ZXk \f

k>1

with {X }k>1 independent complex Gaussian variables,

2
E(X{") =t EIXOP=
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Conclusion
Theorem

Let t € [0,1]. As n — oo,

ﬂ,t;vﬂ:z'%m exp( ZXk \f)

k>1

with {X }k>1 independent complex Gaussian variables,

2
B(X7) = ¢ EIXOF =1

Corollary (No Outlier)

CNE, =) = Nn(C)::#{1<i<n: A EC}—>0.
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Future perspectives

m Case of {0, 1} matrices.
m Tightness for Coulomb gases.

m Universality : elliptic matrices & optimal moment conditions.
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Thank you for your attention !
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